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Abstract
An example of an irresolvable dense subspace of {0,1}c is constructed in ZFC. We prove that
there can be no dense maximal subspace in a product of first countable spaces, while under Booth’s
Lemma there exists a dense submaximal subspace in [0,1]c. It is established that under the axiom of
constructibility any submaximal Hausdorff space is σ -discrete. Hence it is consistent that there are
no submaximal normal connected spaces. If there exists a measurable cardinal, then there are models
of ZFC with non-σ -discrete maximal spaces. We prove that any homogeneous irresolvable space of
non-measurable cardinality is of first category. In particular, any homogeneous submaximal space
is strongly σ -discrete if there are no measurable cardinals. Ó 2000 Elsevier Science B.V. All rights
reserved.
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0. Introduction
The concepts of maximality, submaximality and irresolvability of general topological
spaces were introduced in [10] more than fifty years ago. A topological space X is called
submaximal if every dense subset of X is open. We consider only submaximal spaces
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without isolated points, so “submaximal” is to be read “submaximal dense in itself”.
A space X is maximal if it is dense in itself and any strictly stronger topology on X has
isolated points. If there exist two disjoint dense subsets in X, then it is called resolvable.
If X is not resolvable, then it is called irresolvable. It is not difficult to prove that every
maximal space is submaximal and it is obvious that any submaximal space is irresolvable.
The notions of maximality, submaximality and irresolvability, although technical at first
glance, can serve as an important tool in the study of the extreme cases one comes across
when studying the family of topologies without isolated points on a given set. The first
attempts to provide an insight into this topic were made by Hewitt [10]. He discovered
a general way of constructing maximal topologies. The essence of his method is the
observation that given an i ∈ {1,2,3,3 12}, any chain of Ti -topologies on the same set has an
upper bound with the same separation axioms. This makes it possible to construct maximal
and submaximal topologies by transfinite induction taking care of the desired properties at
successor steps. That was how the first Hausdorff maximal spaces were constructed in
ZFC. If one takes a maximal chain of Tychonoff topologies, then its upper bound is an
irresolvable Tychonoff topology, which is not necessarily submaximal.
Section 2 is devoted to the results on dense subspaces of Cantor and Tychonoff cubes.
We prove that no product of first countable spaces can have a dense maximal subspace.
However, under Booth’s lemma there is a dense submaximal subspace in [0,1]c. A ZFC
example of a dense irresolvable subspace X of {0,1}c is constructed. We believe that the
spaceX can be considered a solution to the Problem formulated in [5, p. 164], because it is
asked there whether it is possible to “give a concrete example of an irresolvable Hausdorff
space without isolated points (the open sets being explicitly identified in concrete form)”.
Well, the open sets in X are quite concrete—they are intersections of open sets of {0,1}c
with the setX. The latter is constructed using transfinite induction, but this seems inevitable
due to the fact that the topology of any irresolvable space contains a base of an ultrafilter
[8].
The first systematic study of submaximal spaces was undertaken in the paper of
Arhangel’skiıˇ and Collins [3]. They gave various necessary and sufficient conditions for a
space to be submaximal and showed that every submaximal space is left-separated. This led
naturally to the question whether every submaximal space is σ -discrete [3, Problem 1.12].
In Section 3 we show that it is true in ZFC that the statement “every Baire space is
resolvable” is equivalent to the assertion “every submaximal space is σ -discrete”. Next
we apply Corollary 3.6 of [11] which says that there are no measurable cardinals if and
only if it is consistent with ZFC that every dense in itself Baire space is resolvable. The
straightforward consequence is that the existence of a non-σ -discrete submaximal space is
independent of ZFC if the existence of a measurable cardinal is consistent with ZFC. This
settles Problems 1.11 and 1.12 from [3].
On the other hand, if the existence of a measurable cardinal is assumed, Theorem 3.8 of
[11] states that there are models of ZFC with measurable cardinals in which all Baire spaces
are resolvable. As a consequence, there are models of ZFC with measurable cardinals in
which all submaximal Hausdorff spaces are σ -discrete.
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These results show that one can not assert that every submaximal space is σ -discrete
iff there are no measurable cardinals. Moreover, it is an open question whether every
Baire space is resolvable under the assumption of non-existence of measurable cardinals.
In [11] Kunen, Szyman´ski and Tall proved that the answer is positive if the axiom of
constructibility (V= L) is assumed. Consequently, under V= L every submaximal space
is σ -discrete.
In [1] it was proved that if G is a topological submaximal group of non-measurable
cardinality, thenG is paracompact and strongly σ -discrete. In Section 3 we strengthen this
result, proving that every homogeneous irresolvable space of non-measurable cardinality
is of first category. Thus any homogeneous Baire space of non-measurable cardinality
is resolvable. If we assume that there are no measurable cardinals, then we obtain a
strong form of an answer to Question 8.17 from [5] where it is asked whether every
Hausdorff Baire group is resolvable. Another easy consequence is that every homogeneous
submaximal space of non-measurable cardinality is strongly σ -discrete. This result is new
even for maximal spaces.
1. Notation and terminology
All topological spaces are assumed to be Hausdorff and dense in themselves. If X is
a space, then τ (X) is its topology and τ ∗(X) = τ (X)\{∅}. Given an x ∈ X the family
τ (x,X) consists of all open sets in X which contain the point x . The closure of a set
A in a space X is denoted by clX(A). If it is clear in which space the closure is taken,
we use the symbol A. A space is said to be of first category if it can be represented as a
countable union of nowhere dense subsets. A (strongly) σ -discrete space is the one which
is a countable union of (closed) discrete subspaces. If X is a space and x ∈ X, then the
dispersion character ∆(x,X) of X at the point x is the minimum of cardinalities of open
subsets of X containing x . The cardinal number
∆(X)=min{∆(x,X): x ∈X}
is called dispersion character of the space X.
The symbol c denotes the power of the continuum, and  indicates the end of the proof
of any statement. All other notions are standard and can be found in [9].
2. Some examples of submaximal and irresolvable spaces
In this section we deal with dense subsets of products of second countable spaces. It
turns out that they can be irresolvable in ZFC or submaximal under the Booth’s lemma, but
not maximal.
Theorem 2.1. Assume that Xt is a space with |Xt |> 1 for every t ∈ T . Then the space
X =
∏
{Xt : t ∈ T }
does not contain a dense extremally disconnected subspace.
262 O.T. Alas et al. / Topology and its Applications 107 (2000) 259–273
Proof. The following lemma is surely known in folklore, but we give here its proof for the
sake of completeness.
Lemma. Let Y and Z be some spaces and f :Y → Z an open continuous surjective
map. If A is a dense extremally disconnected subspace of Y , then f (A) is extremally
disconnected.
Proof. If not, then there is a y ∈ f (A) and U,V ∈ τ ∗(f (A)) such that U ∩V = ∅ and y ∈
clf (A)(U)∩ clf (A)(V ). Take anyU1,V1 ∈ τ (Z) such thatU1∩f (A)=U, V1∩f (A)= V .
It follows from the density of f (A) in Z that U1∩V1 = ∅. Clearly, y ∈ clZ(U1)∩ clZ(V1).
Pick an x ∈ A with f (x) = y . If W ∈ τ (x,Y ), then f (W) is an open set containing the
point y . Therefore f (W)∩U1 6= ∅ and f (W)∩ V1 6= ∅, which implies W ∩ f−1(U1) 6= ∅
and W ∩ f−1(V1) 6= ∅. As a consequence,
x ∈ clY
(
f−1(U1)
)∩ clY (f−1(V1))∩A= clA(f−1(U1)∩A)∩ clA(f−1(V1)∩A),
while the sets U2 = f−1(U1)∩A and V2 = f−1(V1)∩A are open in A and disjoint, which
is a contradiction with extreme disconnectedness of A. 2
Returning to the proof of our theorem, suppose thatA is a dense extremally disconnected
subspace of X. Given any S ⊂ T , the projection
piS :X→XS =
∏
{Xt : t ∈ S}
is an open map. Apply our lemma to conclude that any subproduct of X (and each factor in
particular) has a dense extremally disconnected subspace. This makes it possible to assume
that T is a countably infinite set. Representing T as an infinite union of its infinite disjoint
subsets, we can see that the space X is homeomorphic to an infinite product of infinite
subproducts of
∏{Xt : t ∈ T }. Since any infinite product of non-one-point spaces is dense
in itself, we can consider that Xt has no isolated points for any t ∈ T .
Now for every t ∈ T take distinct xt , yt ∈ Xt . Since Xt is Hausdorff, there exists an
open set Ut ∈ τ (xt ,Xt ) such that yt /∈ Ut . Denote by Vt the set Xt\Ut . The sets Ut and
Vt are disjoint, non-empty and Ut ∪ Vt is dense in Xt for each t ∈ T . Let At = pit(A) for
all t ∈ T . We claim that At ⊂ Ut ∪ Vt . Indeed, the lemma implies that At is extremally
disconnected. If z ∈ At\(Ut ∪ Vt), then Ut ∩ At and Vt ∩ At are disjoint open subsets of
At , whose closures contain the point z. This contradiction shows that At ⊂Ut ∪Vt for any
t ∈ T .
If we let Yt = Ut ∪ Vt , then A turns out to be a dense subspace of Y =∏{Yt : t ∈ T }.
Given an x ∈ Yt , let ft (x) = 0 if x ∈ Ut and ft (x) = 1 otherwise. Then ft :Xt → {0,1}
is a continuous open map. The product f =∏{ft : t ∈ T } maps Y openly onto {0,1}T .
Apply the lemma once more to conclude that {0,1}T has a dense extremally disconnected
subspace. But this is impossible because {0,1}T is a second countable dense in itself
space. 2
Corollary 2.2. No maximal space can be embedded as a dense subspace into an infinite
product of non-one-point spaces.
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Proof. Every maximal (regular) space is extremally disconnected [7, Theorem 1.8] so the
conclusion follows from Theorem 2.1. 2
Let us show that the situation is different if we consider the class of irresolvable spaces.
Theorem 2.3. The Cantor cube {0,1}c has a dense countable irresolvable subspace.
Proof. Let D = {0,1}. The space Dc has a countable dense subspace P = {pn: n ∈ ω}.
Let {Aα: 1 6 α < c} be an enumeration of all infinite subsets of ω. Using transfinite
recursion we are going to construct for every ordinal α with 1 6 α < c a dense subset
Xα = {xαn : n ∈ ω} of the space Dc ×Dα in such a way that
(i) Xα is dense in Dc ×Dα ;
(ii) xβn  γ = xγn for all n ∈ ω and 16 γ < β < α;
(iii) if the sets Hβ = {xβn : n ∈ Aβ} and Xβ\Hβ are dense in Xβ , then Hβ+1 =
{xβ+1n : n ∈Aβ} is open in Xβ+1.
It is worth to note that for each α we identify the space Dc ×Dα with Dc⊕α and the
points of the latter are considered functions from c⊕α intoD. If γ < β , then c⊕β ⊃ c⊕γ ,
so it makes sense to consider xβn as a function on c⊕ γ as well. The condition (ii) means
simply that the functions xβn extend the functions xγn if β > γ . The first condition will give
an easy way to guarantee that after c steps the resulting space will be dense in Dc.
Let x1n(0) = pn for every n ∈ ω. The set X1 = {x1n: n ∈ ω} satisfies (i)–(iii). Suppose
that for some α < c we have constructed the sets Xβ satisfying (i)–(iii) for 1 6 β < α.
If α is a limit ordinal, let yαn =
⋃{xβn : β < α} for each n ∈ ω. It is clear that the set
Xα = {yαn : n ∈ ω} satisfies the conditions (i)–(iii).
Suppose that α = β + 1. There are two possibilities:
(1) the space Xβ is irresolvable.
Then the space Xβ is as required and the inductive construction stops.
(2) the family A= {Z ⊂Xβ : Z and Xβ\Z are dense in Xβ} is non-empty.
If Hβ = {xβn : n ∈ Aβ} ∈A, then let xαn  β = xβn , xαn (β)= 1 if n ∈ Aβ and xαn (β)= 0
otherwise. In case Hβ /∈A choose any Z ∈A and let xαn  β = xβn , xαn (β)= 1 if xβn ∈ Z
and xαn (β)= 0 otherwise.
It is immediate that the set Xα = {xαn : n ∈ ω} satisfies (i)–(iii).
If our inductive construction stops at some step α, then Xα is a dense irresolvable
subspace of Dc ×Dα which is homeomorphic to Dc, so that our theorem is proved.
If not, let xn =⋃{xαn : α < c} and X = {xn: n ∈ ω}. It is straightforward that X is dense
inDc×Dc which is homeomorphic toDc. So we only have to prove thatX is irresolvable.
Suppose that X =A∪B where A and B are disjoint and dense in X. There exists an α < c
such that A= {xn: n ∈Aα}. The property (iii) implies that Q= {xα+1n : n ∈Aα} is open in
Xα+1. But then the set A is the inverse image of Q under the projection of X onto Xα+1
which is continuous. Thus, A is open, so that B cannot be dense—a contradiction. 2
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The following statement will be referred to as Booth’s Lemma (BL, for short). It was
proved in [4] that BL is a consequence of Martin’s Axiom and is therefore compatible with
the axioms of ZFC.
Booth’s Lemma. Let S be a countably infinite set. Suppose that a family ξ of infinite
subsets of S has the finite intersection property and |ξ | < c. Then there exists an infinite
N ⊂ S such that |N\A|<ω for each A ∈ ξ .
Lemma 2.4. Let T be a countably infinite space. Suppose that M is a second count-
able space which has infinitely many disjoint non-empty open sets. There exists a
(discontinuous) function q :T →M such that its graph Γ = {(s, q(s)): s ∈ T } is dense
in T ×M if and only if T is ω-resolvable, i.e., there exists a disjoint family {Sn: n ∈ ω}
such that
T =
⋃
{Sn: n ∈ ω} and Sn = T for every n ∈ ω.
Proof. Assume that T is ω-resolvable. Then T =⋃{Sn: n ∈ ω}, where the sets Sn are
disjoint and dense in S. Fix a base B = {Un: n ∈ ω} in the space M . Choose a point
xn ∈ Un for each n ∈ ω. Given an s ∈ T let q(s) = xn if and only if s ∈ Sn. The map
q :S→M is as required.
Indeed, if U ∈ τ ∗(T ) then for any natural n there exists a point s ∈ Sn ∩ U . Then
(s, q(s))= (s, xn) ∈ U × Un. Therefore the graph of the function q intersects every basic
open set in T ×M . Hence Γ = T ×M .
Let q :T →M be a map for which the set Γ is dense in T ×M . Observe that if U is a
non-empty open subset of M , then q−1(U) is dense in T . Indeed, given a W ∈ τ ∗(T )
pick an (s, r) ∈ Γ ∩ (W × U). Then s ∈ q−1(r) ∩ W ⊂ q−1(U) ∩ W and therefore
s ∈ q−1(U)∩W .
Now if δ ⊂ τ ∗(M) is an infinite disjoint family, then the family {q−1(U): U ∈ δ} is an
infinite disjoint family of dense subsets of T . 2
The following statement is the crux of the inductive recursion which will be applied to
prove that under BL there are dense submaximal subspaces of I c.
Lemma 2.5 (BL). Let S be a countably infinite space with w(S) < c. If T is dense in S,
then there exists a (discontinuous) function qT :S→ I such that
(1) qT (x)= 0 for every x ∈ S\T ;
(2) qT (x) 6= 0 for every x ∈ T ;
(3) the set ΓT = {(x, qT (x)): x ∈ T } is dense in S × I .
Proof. It follows from w(T ) < c that T has the Fréchet–Urysohn property [12, Theo-
rem 1.1]. It was proved in [14] that any Fréchet–Urysohn space is ω-resolvable. This makes
it possible to apply Lemma 2.4 to the spaces T and M = (0,1] = I\{0} and conclude that
there is a map q :T → (0,1] such that the set Γ = {(s, q(s)): s ∈ T } is dense in S × I .
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Define qT as follows: qT (s) = q(s), if s ∈ T , and qT (s) = 0, if s ∈ S\T . The properties
(1) and (2) are evident for qT and the property (3) follows from the fact that ΓT = Γ . 2
Theorem 2.6. Let I = [0,1] be the unit segment with its usual topology. Then under
Booth’s Lemma the space I c has a countable dense submaximal subspace.
Proof. Let {Aα: α < c} be an enumeration of all infinite subsets of ω.
Using transfinite recursion we are going to construct for every β ∈ c\{0} a subset
Xβ = {xβn : n ∈ ω} of the space Iβ in such a way that
(i) Xβ is dense in Iβ ;
(ii) xβn  γ = xγn for all n ∈ ω and 16 γ < β < c;
(iii) if the set Hβ = {xβn : n ∈ Aβ} is dense in Xβ , then {xβ+1n : n ∈ Aβ} is dense and
open in Xβ+1.
Take any dense subset {pn: n ∈ ω} of I and let X1 = {x1n: n ∈ ω}, where x1n = pn for
every n ∈ ω.
Suppose that for some α < c we have constructed the sets Xβ satisfying (i)–(iii) for all
β < α. If α is a limit ordinal, let yαn =
⋃{xβn : β < α} for each n ∈ ω. It is clear that the set
Xα = {yαn : n ∈ ω} satisfies the conditions (i)–(iii).
Suppose that α = β + 1. There are two possibilities:
(1) The set {xβn : n ∈Aβ} is not dense in Xβ .
In this case let S = T =Xβ and take the function qT :Xβ→ I provided by Lemma 2.5.
Let
Xα = {xαn : n ∈ ω},
where xαn  β = xβn and xαn (β)= qT (xβn ). It is clear that the space Xα satisfies (i)–(iii).
(2) The set {xβn : n ∈Aβ} is dense in Xβ .
Now consider S =Xβ and T = {xβn : n ∈Aβ}. LetXα = {xαn : n ∈ ω}, where xαn  β = xβn
and xαn (β) = qT (xβn ). It is clear that Xα has (i) and (ii). The property (iii) holds because
{xαn : n ∈ Aβ} = (S × (0,1]) ∩Xα which implies that {xαn : n ∈ Aβ} is an open set in Xα .
Its density in Iα follows from Lemma 2.5.
Our inductive construction having been completed, let xn =⋃{xαn : α < c} and X =
{xn: n ∈ ω}. From (i) it follows that that X is dense in I c. So the only thing we have to
prove is that X is submaximal. Suppose that B is dense in X. There exists an α < c such
thatB = {xn: n ∈Aα}. The property (ii) implies thatQ= {xα+1n : n ∈Aα} is open inXα+1.
But then the set B is the inverse image of Q under the projection of X onto Xα+1 which is
continuous. Therefore the set B is open in X. 2
3. Measurable cardinals and σ -discreteness of submaximal spaces
Kunen, Szyman´ski and Tall established that the existence of a Hausdorff Baire
irresolvable space is equiconsistent with the existence of a measurable cardinal [11,
Corollary 3.6]. We are going to show that “Baire irresolvable” can be substituted by
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“submaximal non-σ -discrete”. Recall that all spaces in this section are supposed to be
Hausdorff.
Theorem 3.1. The following conditions are equivalent in ZFC:
(1) there exists an irresolvable Baire space;
(2) there exists a submaximal non-σ -discrete space;
(3) there exists a maximal non-σ -discrete space.
Proof. Let (X, τ) be an irresolvable Baire space. By [7, Fact 3.1]X has a non-empty open
hereditarily irresolvable subspace Y . It is clear that Y will be a Baire space as well, so
we can assume that X itself is hereditarily irresolvable. Take any maximal topology µ on
X finer than τ . It is evident that (X,µ) is a Hausdorff maximal space. Suppose that it is
σ -discrete. Then X =⋃{Xn: n ∈ ω}, where each Xn is discrete in (X,µ). By maximality
of (X,µ) every Xn is also closed in X. Now look at any Xn as a subspace of (X, τ). If the
τ -interior of Xn is non-empty, then µ-interior of Xn is non-empty because µ is finer than
τ . Since Xn is closed and discrete in (X,µ), this gives a contradiction. If the τ -interior of
Xn is empty, then Xn is nowhere dense in (X, τ) by Fact 1.13 of [7]. Therefore (X, τ) is
of first category which contradicts the Baire property of X. Thus (X,µ) is a maximal non-
σ -discrete space and we have proved that (1)⇒ (3). Every maximal space is submaximal
so (3)⇒ (2).
To establish (2)⇒ (1) suppose that X is a submaximal non-σ -discrete space. Let
S = {U ∈ τ ∗(X): U is σ -discrete}.
In a submaximal space the boundary of every open set is discrete so it is a routine
verification that Y = ⋃S is a σ -discrete subspace of X. Therefore Z = X\Y is an
open (and hence dense in itself) non-empty subspace of X which has no open σ -discrete
subsets. Since Z is an open subspace of a submaximal space, it is submaximal and hence
irresolvable. Besides, Z is a Baire space: indeed, if Un is dense in Z for every n ∈ ω, then
Z\Un is closed and discrete. Now the subset
P =Z∖(⋂{Un: n ∈ ω})=⋃{Z\Un : n ∈ ω}
is σ -discrete, so it cannot contain a non-empty open subset. This means
⋂{Un: n ∈ ω} is
dense in Z and hence Z is a Baire space. 2
Corollary 3.2. It is consistent with ZFC that every Hausdorff submaximal space is σ -
discrete, i.e., the consistency of ZFC implies that “ZFC+every submaximal space is σ -
discrete” is consistent. If there exists a measurable cardinal, then “ZFC+there exists a
non-σ -discrete maximal space” is consistent.
Proof. Kunen, Szyman´ski and Tall proved that the existence of an irresolvable Baire space
is equiconsistent with the existence of a measurable cardinal [11, Corollary 3.6]. It is
well known that the consistency of ZFC implies the consistency of “ZFC+there are no
measurable cardinals”. Now apply Theorem 3.1. 2
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Remark 3.3. It turns out that the existence of a Hausdorff non-σ -discrete submaximal
space is “almost” independent of ZFC. Indeed, if ZFC is consistent, then by Corollary 3.2
there are models of ZFC in which every Hausdorff submaximal space is σ -discrete. On
the other hand, if the existence of a measurable cardinal is consistent with ZFC then there
exist models of ZFC with non-σ -discrete Hausdorff submaximal spaces. Since there is
little hope to disprove the existence of measurable cardinals in ZFC, we can say that
Corollary 3.2 practically settles Problem 1.12 of [3].
On the other hand, Corollary 3.2 also gives a solution to the Problem 1.11 of [3] where
it is asked whether every submaximal space (which can have isolated points) is σ -discrete.
Indeed, if there are no non-σ -discrete submaximal (dense in themselves) spaces and X
is a submaximal space (maybe with isolated points), then X is a union of the closure of
its isolated points and a submaximal dense in itself space Y . The closure of the set of
isolated points of X is the union of two discrete subspaces of X [3, Theorem 2.2], and
Y is σ -discrete, so that the space X is σ -discrete. An example of a submaximal non-σ -
discrete dense in itself space would also answer Problem 1.11 of [3] so we have complete
equivalence of Problems 1.11 and 1.12 of [3].
Applying another result of Kunen, Szyman´sky and Tall we can strengthen the first part
of Corollary 3.2.
Corollary 3.4. If V= L holds, then every submaximal Hausdorff space is strongly σ -
discrete.
Proof. Proposition 3.9 of [11] states that under V= L there are no irresolvable Baire
spaces. Now apply Theorem 3.1 together with the evident fact that in a submaximal space
every discrete subspace is closed. 2
It is an unsolved problem dating back to Hewitt [10], whether there exists a regular
submaximal connected space. In [3] the same question is formulated for normal and
paracompact spaces (see Problem 4.1 and comments). We are now in a position to give
a consistent answer to these questions.
Corollary 3.5. If V= L holds, then every submaximal normal space is zero-dimensional.
Proof. If a normal space is a union of countably many closed zero-dimensional subspaces,
then it is zero-dimensional [9, Theorem 7.2.1]. Every discrete subspace of a submaximal
space is closed [3, Theorem 1.2], so that under V= L every submaximal normal space is
zero-dimensional being a countable union of closed discrete subspaces. 2
Corollary 3.6. If V= L holds, then every submaximal normal space is hereditarily
realcompact.
Proof. Suppose that the Axiom of Constructivity holds. Let X be a submaximal normal
space. By Corollary 3.4 X is a strongly σ -discrete. Therefore all subsets of X are of type
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Fσ . Any Fσ -subset of a realcompact space is realcompact, so it suffices to establish that X
is realcompact. To show this, representX as a countable union of closed discrete subspaces.
Each of these subspaces is realcompact because its cardinality is non-measurable (recall
that the Axiom of Constructivity implies that there are no measurable cardinals). Finally,
apply a theorem of Mrówka [13] which says that if a normal space is a countable union of
closed realcompact subspaces, then it is realcompact. 2
It was proved in [1, Corollary 3.5] that any irresolvable topological group of non-
measurable cardinality is of first category. In particular, if such a group is submaximal,
then it is σ -discrete. The following results show that the same is true for homogeneous
spaces.
Theorem 3.7. Let κ be a non-measurable cardinal. Suppose that X is a homogeneous
irresolvable space with |X| =∆(X)= κ . Then X is of first category.
Proof. Choose a transitive family F of autohomeomorphisms of X such that |F | = κ .
“Transitive” means, as usual, that if x, y ∈ X, then there exists an f ∈ F such that
f (x)= y . We can assume that if f ∈F then f−1 ∈F .
Take some well-orderings {xα: α ∈ κ} and {fα : α ∈ κ} of X and F , respectively. Given
anA⊂F , letA−1 = {f−1: f ∈A} ⊂F . DefineA∗ to be the set of all finite compositions
of elements of A ∪ A−1. For any B ⊂ X we define the orbit 〈B,A〉 of B under the
mappings from A as follows:
〈B,A〉 = {h(t): t ∈B and h ∈A∗}.
Clearly |A∗| = |A| and hence for each B ⊂ X with |B| < κ and each A ⊂ F with
|A|< κ we have∣∣〈B,A〉∣∣6 |B| · |A∗|< κ.
We are going to define recursively a family {Gα: α ∈ κ} of subsets of X. Let G0 =
〈{x0}, {f0}〉. Suppose that for some β < κ we have chosen Gα for each α < β in such a
way that
(1) |Gα|6 |α + 1| ·ω;
(2) Gµ ⊂Gα if µ< α;
(3) fα(Gλ)=Gλ if α 6 λ < β ;
(4) Gα \⋃{Gγ : γ ∈ α} 6= ∅.
We claim that∣∣∣⋃{Gα: α ∈ β}∣∣∣6 |β + 1| ·ω.
Indeed, |Gn| = ω for each n ∈ ω, and if β > ω then |Gα|6 |β| for each α < β . Thus∣∣∣⋃{Gα: α ∈ β}∣∣∣6 |β| · |β| = |β|.
This makes it possible to define
β∗ =min
{
γ ∈ κ : xγ /∈
⋃
{Gα: α ∈ β}
}
,
O.T. Alas et al. / Topology and its Applications 107 (2000) 259–273 269
and finally,
Gβ =
〈⋃
{Gα: α ∈ β} ∪ {xβ∗}, {fγ : γ 6 β}
〉
.
Note that |Gβ |6 |β| · ω · |β| = |β| and it is easy to check that the family {Gγ : γ 6 β}
also has the properties (2)–(4) listed above. Furthermore, the definition of β∗ implies that⋃{Gα: α ∈ κ} =X.
Now define H0 =G0, and Hα =Gα \⋃{Gγ : γ < α} for each α < κ .
The family {Hα: α < κ} has the following properties:
(5) |Hα|6 |α+ 1| ·ω for each α < κ ;
(6) ⋃{Hα: α < λ} =⋃{Gα: α < λ} for each λ < κ ;
(7) Hα ∩Hγ = ∅ if α 6= γ ;
(8) if α 6 β , then fα(Hβ)=Hβ .
The properties (5)–(7) are immediate consequence of (1)–(4) and the definition of the
sets Hα . Now
fα(Hβ)= fα
(
Gβ \
⋃
{Gγ : γ < β}
)
= fα(Gβ) \
⋃{
fα(Gγ ): γ < β
}
=Gβ \
⋃{
fα(Gγ ): γ < β
}=Gβ \⋃{fα(Gγ ): α 6 γ < β}
=Gβ \
⋃
{Gγ : γ < β} =Hβ,
which proves (8). Note that if A ⊂ κ is cofinal, then the set HA =⋃{Hα: α ∈ A} has
cardinality κ because each of the sets Hα is non-empty and the family {Hα: α ∈ A} is
pairwise disjoint.
Now let U = {A⊂ κ : Int(HA) 6= ∅}. It is clear thatHA∪Hκ\A =X andHA∩Hκ\A = ∅
for anyA⊂ κ . This implies that for each A⊂ κ we haveA ∈ U or κ \A ∈ U , for otherwise,
both HA and Hκ\A would be dense in X contradicting the irresolvability of X.
Furthermore, if for some A ∈ U and V ∈ τ ∗(X) we have Int(HA)∩ V = ∅, then we can
choose x ∈ Int(HA), y ∈ V and fγ ∈ F such that fγ (x)= y . Let W = fγ (Int(HA)) ∩ V .
The open set W is non-empty due to the fact that y ∈W . Then
W \HA ⊂ fγ (HA) \HA =
(⋃{
fγ (Hλ): λ ∈A
})∖(⋃{Hλ: λ ∈A})
⊂
⋃{
fγ (Hλ): λ ∈A and λ < γ
}
because fα(Hλ)=Hλ if α 6 λ.
However,
⋃{fγ (Hλ): λ ∈A and λ < γ } has cardinality less than or equal to |(γ + 1)| ·
ω < κ . Since ∆(X)= κ , any open non-empty subset of X has cardinality κ , so that the set
W \HA has empty interior. Furthermore, W = (W \HA) ∪ (W ∩HA) and W ⊂ V which
implies that W∩ Int(HA)= ∅. ThereforeW ⊂ (W \HA)∪ (W ∩ (HA\Int(HA)) so that W
is the union of two sets each with empty interior. ThusW is resolvable. The space X being
homogeneous, each point of X has a neighborhood homeomorphic to W . Since any union
of resolvable spaces is resolvable [6], X is resolvable, which is a contradiction.
As a consequence, A ∈ U implies that Int(HA) is dense in X. This means that Hκ\A ⊂
X\Int(HA) is nowhere dense in X and henceHκ\A /∈ U . It is clear that HA∩B =HA ∩HB .
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Therefore for any A,B ∈ U the set Int(HA∩B) is dense in X so that A ∩ B ∈ U . Hence U
is an ultrafilter on X.
Now since κ is not measurable, it follows that U is not countably complete and so there
exist a family {Un: n ∈ ω} ⊂ U such that⋂{Un: n ∈ ω} = ∅. But then⋂{HUn: n ∈ ω} = ∅
and so
⋃{Hκ\Un: n ∈ ω} = X. Each of the sets in this union is nowhere dense, showing
that X is of first category as required. 2
Corollary 3.8. Let κ be a non-measurable cardinal. If X is a homogeneous submaximal
space with |X| =∆(X)= κ , then X is strongly σ -discrete.
Proof. Each nowhere dense subset of X is closed and discrete. 2
In fact, the hypothesis that |X| =∆(X) can be relaxed in some cases, but to show this
we require the following lemma.
Lemma 3.9. Let κ be an infinite cardinal and suppose thatX is a homogeneous space with
∆(X)= κ . Then each point x ∈X has a homogeneous open neighborhood of cardinality κ .
Proof. Let w ∈X and U0 be an open neighborhood of w of cardinality κ . For each pair of
distinct points {x, y} ⊂ U0 we can choose an autohomeomorphism fx,y of X which maps
x to y . Denote the set {fx,y : x, y ∈U0} by A.
Let F0 be the set of all finite compositions of the elements of A∪A−1. Then
(a) |F0| = κ ;
(b) if f ∈F0, then f−1 ∈F0;
(c) F0 is closed under finite compositions of its elements.
Define
U1 =
⋃{
h(U0): h ∈F0
}
.
It is easy to see that U1 is an open set and U0 ⊂ U1. It follows from |U0| = |F0| = κ that
|U1| = κ .
Assume that for each m 6 n, we have defined an open neighborhood Um of w of
cardinality κ . For each pair of distinct points {x, y} ∈ Un there is an autohomeomorphism
fx,y of X such that f (x)= y . Denote the set {fx,y : x, y ∈Un} by B.
Let Fn be the set of all finite compositions of the elements of B∪B−1. ThenFn satisfies
(a)–(c) above. Moreover,Fn−1 ⊂Fn. Let Un+1 = {h(Un): h ∈Fn}. Since the identity map
on X is an element of Fn, we have Un ⊂ Un+1 and hence Un+1 is an open neighborhood
of w of cardinality κ .
Consider
W =
⋃
{Un: n ∈ ω}.
We claim that W is homogeneous. To see this, note that if x, y ∈W , then x, y ∈ Us for
some s ∈ ω. From the construction of Us+1, there is some h ∈ Fs such that h(x) = y .
Now h(W) ⊂W since h(Ut) ⊂ Ut+1 for each t > s. It remains to show that h :W →W
is surjective. However, if z ∈W\h(W), then there is some y ∈ X\W such that h(y) = z.
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Then h−1(z) = y and therefore h−1(W) 6⊂ W . Since h−1 ∈ Fs we have a contradiction
with the definition of W . 2
Recall that a space X is open-hereditarily irresolvable if every open subset of X is
irresolvable. If (X, τ) is homogeneous but not open-hereditarily irresolvable, then there
is some open subset U ⊂ X which is resolvable. By homogeneity, every point of X is
contained in an open resolvable subspace homeomorphic to U . Using again the result of
Comfort and Li Feng [6], we can conclude that X is resolvable.
Theorem 3.10. Let κ be an infinite non-measurable cardinal. If X is an irresolvable
homogeneous space with ∆(X)= κ , then X is of first category.
Proof. By Lemma 3.9, for each x ∈ X, we can choose an open homogeneous neighbor-
hood Wx of x of cardinality κ . It follows from the remarks preceding this theorem that
X is open-hereditarily irresolvable. Hence by Theorem 3.6, the set Wx is of first category
(in itself and hence in X). Every open subset of Wx is of first category in X and hence
we can choose a maximal pairwise disjoint familyW of open first category subsets of X.
Clearly
⋃W is dense in X. Since X\⋃W is nowhere dense in X it follows that X is of
first category. 2
Corollary 3.11. Let κ be a non-measurable cardinal. If X is a homogeneous submaximal
space with ∆(X)= κ then X is strongly σ -discrete.
Corollary 3.12. If there are no measurable cardinals, then every homogeneous submaxi-
mal space is strongly σ -discrete.
Say that a space is locally homogeneous if every point has a homogeneous neighborhood.
The class of locally homogeneous spaces contains the class all disjoint topological unions
of homogeneous spaces. By doubling a point of R it is easy to construct a T1-manifold
which is not homogeneous.
Theorem 3.13. Let κ be a non-measurable cardinal. If X is a locally homogeneous
irresolvable space with |X|6 κ , then X is of first category.
Proof. For each x ∈ X we can choose a homogeneous neighborhood Ux of x with
|Ux | 6 κ . By Theorem 3.8 any open subset of Ux is of first category in itself. Let U be
a maximal disjoint family of open subspaces of X which are first category in themselves.
The set
⋃ U is dense in X and of first category in itself. Since the space X is the union of
the sets
⋃ U and X \⋃ U , it is of first category. 2
Corollary 3.14. If there are no measurable cardinals, then every locally homogeneous
submaximal space is strongly σ -discrete.
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Corollary 3.15. If there are no measurable cardinals, then every normal locally homoge-
neous submaximal space is hereditarily realcompact.
Proof. The proof goes in the same way as in Corollary 3.6. 2
4. Unsolved problems
As usual, there are more question left than solved. Below we list a number of them which
we could not answer.
Question 4.1. Is any locally homogeneous submaximal Hausdorff space a discrete union
of homogeneous spaces?
Question 4.2. Is it true in ZFC that every homogeneous submaximal (regular) space is
strongly σ -discrete?
Question 4.3. Is it true that any submaximal homogeneous regular space is zero-
dimensional?
Question 4.4. Is it true in ZFC that [0,1]c has a dense submaximal subspace?
Question 4.5. Is there a dense submaximal connected subspace in [0,1]κ for some
cardinal number κ > c?
Question 4.6. Is it true in ZFC that every normal submaximal space is zero-dimensional?
Question 4.7. Is it true in ZFC that every normal submaximal space of non-measurable
cardinality is hereditarily realcompact?
Question 4.8. Let X be a submaximal space of non-measurable cardinality. Is it
necessarily realcompact? How about maximal spaces?
Question 4.9. Is it true in ZFC that every submaximal space is Dieudonné complete? How
about maximal spaces?
Question 4.10. Let X be a maximal space. Is it true that X has a weaker metrizable
topology? How about submaximal spaces?
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